stichting

mathematisch

centrum MC
AFDELING NUMERIEKE WISKUNDE NW 54/78 DECEMBER

(DEPARTMENT OF NUMERICAL MATHEMATICS)

J. KOK, P.J. VAN DER HOUWEN & P.H.M. WOLKENFELT

A SEMI-DISCRETIZATION ALGORITHM FOR
TWO-DIMENSIONAL PARTIAL DIFFERENTIAL
EQUATIONS

2e boerhaavestraat 49 amsterdam

g TR
BIBLIOTHEEK MATHEMATIOCH CENTRUM
iBLIO T Heks




Printed at the Mathematical Centre, 49, 2e Boerhaavestraat, Amsterdam.

The Mathematical Centre, founded the 11-th of February 1946, is a non-
pro it institution aiming at the promotion of pure mathematics and Lts
applications. 1t is sponsored by the Netherlands Governmment through the
Netherlands Onganization forn the Advancement of Pure Research (Z.W.0).

980 Mathematics subject .classification: 65D25, 65M05, 65M2Q




i-disc hm for two-d onal p differential

ions .

k, P.J P.H.M. Wolk

ACT

This p semi-discre on met a general class
n-line time-depend D.E.'s grid with non-
rm mes presents the entati the semi-

etizat ally, the re with semi-discretiza-
method her with dif time- ‘ators for solv-
nitial oblems is in d.

ORDS & differential Zons, "“scretization,

f Llines.







TS

[RODUCTION

SCRETIZATIONS ON A
|. Formulas using g
2, Formulas using

}. Approximations ¢ Eferential operato:

JDING REMARKS

INCES







1. INTRODUCTION

A more or less accepted approach of developing software for solving
the initial boundary value problem for a time dependent partial differential
equation is based on the method of lines or semi-discretization method.

Suppose that we are given the initial boundary value problem
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(1.1) U(tO’X’Y) = UO(X’y), (x,y) e & ,
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where G, U0 and B are given functions and & is a two-dimensional region
bounded by one or more closed curves representing the boundary 92 (see
figure 1.1).
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Fig. 1.1 A triply-connected region

The semi—-discretization method based on finite differences replaces the
derivatives of the unknown function U with respect to the space variables
x and y by difference quotients defined on certain sets of grid points R

and 9R belonging to the region £ and its boundary 3%, respectively. Let U

be a grid function defined on R u 9R, then semi-discretization of problem

(1.1) yields at each (Znternal) grid point of R an ordinary differential

equation of the form




d ~
1.2) I u(t) = G(t,u), t > ty
ith initial conditions
1.3) u(to) = {UO(x’y)}(x,y) ¢ R’

nd at each (boundary) grid point of 9R a condition bf the form
1.4) E(t,u) =0, t >t

In this paper we present an algorithm which transforms problem (1.1)
nto problem (1.2)-(1.4). The transformation is based on divided differen-
es using non-uniform meshes and yields a second order approximation to the
riginal problem (1.1). In order to use the algorithm one should prescribe
he functions G, B and Uy» and either the grid points or the grid lines of
hich the grid points are the points of intersection.

In the last section, it is described in which way we can use the
arious semi-discretization methods together with time-integrators for the
olution of (1.2) - (1.4).

This paper has been written as a contribution to a project of the
umerical Mathematics department of the MC to develop numerical algorithms

or the solution of initial boundary value problems.
. DISCRETIZATIONS ON A CURVILINEAR NET

In the numerical solution of partial differential equations by finite
ifference methods it is often desirable to approximate the derivatives by
ifference quotients on a non-uniform grid. The usual derivation of
ifference quotients by Taylor expansions, however, is rather cumbersome
s soon as the grid meshes differ from rectangles (cf. [3]). Therefore,

e have chosen an alternative approach. Confining our considerations to
iscretizations of derivatives in two variables x and y, we introduce two
ew variables X and Y which are functions of x and y, and which define by

he equations




(2.1) X(x,y) = kA, Y(x,y) = rA, k and r integers

1 curvilinear net in the (x,y)-plane. In the (X,Y)-plane this non-

m
;rid is transformed into a uniform grid with square meshes of widt] se
Iigures 2.1 and 2.2).
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Fig. 2.1 (x,y)-plane
The coordinates of the grid points in the (x,y)-plane will be ed
by X r and Yier Thus,

(2.1) X(Xkr’ykr) = kA, Y(xkr’ykr) = rA.

Next we express the differential operators with respect to x in

terms of differential operators with respect to X and Y:
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ince the differential operators 9/3X and 0/3Y are easily discretized on
he square grid shown in figure 2.2, we only have to derive expressions
or the derivatives 3X/dx, 9X/dy, 9Y/dx, ... at the grid points (Xkr’ykr)'
n [4] a first order approximation to these quantities is derived. Here,

'e try to find higher order approximations. We will distinguish two cases:
irstly, the case where the grid lines (2.1) are explicitly given and
econdly, the case where only the points of intersection of the grid lines

re available. The latter case was also considered in [21].

'.1 Formulas using grid lines

In this section it will be assumed that the grid lines defined by

'2.1) are explicitly given, that is, we have at our disposal the equations

2.3) y=£.&, x=g(
yresenting the "horizontal" and "vertical" grid lines, respectively,

X = gk(y)
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Fig. 2.3 Curvilinear grid




roblem now is the construction of functions X(x,y) and Y(x,y) with

iuous second derivatives and such that

]

X(gk(y),y) kA,

Y(X,fr(X)) r A .

re succeed in finding such functions, the operators 9/3x, 9/9y, ...
: discretized within the accuracy of the discretization of the

;ors 3/3X, 3/3Y, ... on the square grid (kA,rA) in the (X,Y)-plane.

ler (2.4) for arbitrary, but fixed values y and x, respectively.
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ig. 2.4, Behaviour of the functions X(x,y) and Y(x,y)

when (2.4) 1is fulfilled.

re see that the functions X(x,y) and Y(x,y) are required to have the
our as shown in figure 2.4. Moreover, these functions should be

differentiable at all x ¢ [gk (y),gk (y)] and all
min max
(x),fr (x)], respectively.
min max

lather than trying to construct global representations of the transfor-
. functions X an Y, we will construct Zocal representations in the
vourhood of the grid lines x = gk(y) and y = fr(x). We may then

le that these representations are sufficiently smoothly continuated
itched together in the "in between'" regions. It is tempting to define

by a Lagrange polynomial in x:




2.5) X(x,y) =

n the neighbourhoo
unction, in partic
considerably easi

= Y(x,y) implicit

2.6) X = W(Xs

nd by observing th

1]

gk(y)
2.4")

fr(x)

rom these relation
erivatives of the

xtremely simple ma
o Y along the grid
(x,¥) = kA, we may

oY
3% (kA,y
2.7)
2

5% (ka,

BXZ

nd similar express
Having found a
o X and Y, respect

erivatives and the

k+m2
T
L=k-m; [x-gz(y)]

s 2#] ,

1 k+m2
n Lg: (v)-gp(y)]

£=k—m1 J
243

D= gk(y). However, the partial derivatives of this
hose with respect to y, are difficult to evaluate.

luation is obtained by writing X = X(x,y) and

y = @(X,Y) 9

dition (2.4) transforms into

s seen that along the grid lines x = gk(y) the
on ¥ with respect to X can be approximated in an
nd similarly the derivatives of ® with respect

y = fr(x). For instance, along the lines

1 g

2
73 + 0(A7)

as A >0,
k1) - 28, () + g ()

2
A

+ O(Az)

or 38/3Y, 320/3Y% along the linmes Y(x,y) = rA.

mations to the derivatives of ¥ and @ with respect

we only have to derive relations between these

atives 9X/9x, 82X/3x2, ... Occurring in the




formulas (2.2). Such relations can be obtained by differentiating

(2.6) with respect

(2.8)

From (2.7) and (2.8)
2
)Y/3y and 9Y /By2 at

to x and y:
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, 0 = 9Y 92
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2

approximations to the derivatives 9X/9x, 3°X/9x ,

the grid points can be derived. In order to find the

remaining derivatives we need some additional relations between the

jerivatives of X and Y. These are provided by differentiating equations

(2.4). Along the grid lines we then find

X _ 35X
_a_}-; - g k(Y) ax 3
3Y _ ., 3y
- Py
(2.9)
EEE =—8' (y)]2 x —-2g" (y) —EEX-— n(yy X
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2 2 .2 2
7Y _ [, 193y . ., 7Y Lmeoy 23X
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rom (2.7) - (2.9) approximations at the grid points can be derived to all

lerivatives occurring in formula (2.2). In the expressions given below all

functions are assumed to be evaluated at the grid point (xkr

(2.10) kr ~ gk(ykr)’ Yer © fr(xkr)'
Then we may write

d 2

M2, o),

N

(2.11) ’

X _ _ v X

3y 8k 3x °’

’ykr) where
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ind similar expressions for the derivatives of Y.
)

The expressions given in (2.11) only apply to grid points (Xkr’ykr

‘or which the functions =1 B4 f and fr+ are available.

r-1 1
hus, (2.11) applies to boundary grid points provided that the neighbour-

.ng external grid line is also prescribed (see figure 2.5).

-
- \
/’ \
-
- \
- \
7~
e \
s \
'//
\
\’ \
A
\
\
\
\ \
\ \
\ \
| Y N S |
\_4A -1 D - |
-1 It P
=
|
Fig. 2.5. External grid lines (- - -)

An alternative would be the definition of asymmetric difference
pproximations to the derivatives 3V¥/3X, BZW/BXZ,... (cf. (2.7)) at the
oundary points. For instance, along a "left" boundary grid line

(x,y¥) = kA, we may define
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The expressions in (2.11) which are changed by using (2.7i) instea 2.7)
are given by
9X 2A 2
Cymdiia — — + O(A )9
9x 3gk-+4gk+1 )
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2.2 Formulas using only grid points

In the preceding section the availability of a twice differen

representation of the grid lines was assumed. In many cases, howev

only have the coordinates of the grid points at our disposal. Expr s
. . ' .

(2.11) may still be used when the quantities Bi+1® Bk-1’ B k+1’ & -1

and gﬁ are replaced by numerical approximations in terms of the gr nt

coordinates (see figure 2.6).
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fig. 2.6 Situation at the grid point (Xkr’ykr)




Suppose that we are given the slope g'ﬁ(yﬂr) and curvature gZ(yKr)
»>f the grid line x = gz(y) in all grid points (Xﬂr’yﬂr)' Then we may use

che approximations

1 _ 1 _ n 2
g K(ykr) =g E(er) + (Ykr yﬂr) gﬂ(er) + 0(A7),
2.12)

- — | 1 - 2 " 3
e Oier) = Xpr * Uip V) 8p0py) * 207y 8" () + 00D,

there £ = k-1, k, k+l in case of (2.11) and £ = k, k+1, k+2, k+3 in case of
2.11").
. | ” .
F;nally, the values of gk(ykr) and gk(ykr) are to be approximated.

Jsing three reference points we obtain

Axk Axk -1
" _ r _ r—l]
gk(ykr) =2 [Aykr Aykr_]J[Aykr * Aykr-]J * 008,
2.13)
Axk
' = r _ 1 " 2

there Axkr = xkr+1 - X and Aykr = Virr1 ~ Yir In order to get second
>rder approximations to gﬁ(ykr) one should use at least four reference

yoints. Let us write

e

2.14) g (v, ) = 1 3 %5 Mkesg?
j=-

‘hen this expression is second order accurate when the coefficient vector

L= (aj) satisfies the equation

_Ar—3 _Ar-2 _Ar—l 0 Ar+] Ar+2 Ar+3 N 0
a =\
, 2 2 2 2 2 2 ?
2.15) ‘ A r-3 A r-2 A r—-1 0 A r+l A r+2 A r+3 ‘2
3 3 3 3 3 3
A r-3 A r-2 A r-1 0 A r+1 A r+2 A r+3 0

there A |. The first derivative g' is then still

+] - |ykr+j_ykr k(ykr)




by (2.13) with second order accuracy. The approximation (2.

can be used at

.efthand boundary points
‘ighthand boundary points
'almost" lefthand boundary points
'almost'" righthand boundary points

‘emaining internal points

> by choosingﬂ

7~
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14) -
ay=a,=a, = 0
a; = a, = a, = 0
a_g=a,=a;s= 0
a;=a, =a,-= 0
a_g = a; = 0

proximation of the original differential operators

‘aving derived numerical approximations to the derivatives of the

‘ormation functions X and Y, we are able to define the difference
:imations to the origimnal differential operators. Let us approximate

fferential operators in the coordinates X and Y by central differ-

and write

aX 90X _
ax - 5h gy T
Y _ oY _
%~ 1t gy T
2.2) it then can be

s, [9/39y],... to 3/3x, 3/3y,... are given by the following "molecule"

entations:

0 Y 0 0 Y
o] _ . }_ ( O _ 1 ]-
[EEJ =2t X 0 X, ~ay] =z 7% 0
0 -, 0 0 -vY
_ 2
)2 XYy s+ XY
— | =4 |2x,2-x, . -4(x,2+Y %) 2x 2 + X
-2 1 % 1 1t
X X.Y 2vy 2 - ¥ -X.Y

3%x 3°x
X0, - X, (b e X))
2 2
5%y 52y
— = —_— =Y
Yohs ! Y1q8s g2 Vool

derived that second order accurate approximations

171 1
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dxdy YIZA'
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JONCLUDING REMARKS

The project for developing numerical algorithms for the solution of
initial boundary value problems has resulted in a modular construction of
1 class of algorithms.

One module is the calculation of approximations of the space deriva-
:ives for the right hand side evaluations, one other module is one of the
available integrators for the time-integration of the resulting transformed
>roblem (1.2) - (1.4), and finally an interface provides for the representa-
tion of the grid, the solution of the boundary condition and the control of
111 subprocesses involved. In this setup several methods for approximating
the space derivatives can easily be exchanged and the same holds for the
7arious time-integrators we want to apply.

In an earlier version of this construct the formulas given in Section
2.3 were used. Together with several time-integrators for semi-discretized
>arabolic equations, this version was run with several test problems for
7arious grids and boundaries. Here the main advantage of the construct be-
:ame clear, i.e. the possibility to process problems with all kinds of rec-
:angular as well as curvilinear grids and with unlimitedly kinked boundaries.

Following the conclusions of a comparison by DEKKER (see [1]) it was
lecided that a later version of the algorithm would be realized with Dekker's
nethod for minimizing the truncation errors of the derivative approximations,
it the same time allowing a wider class of boundary conditions. The main

‘eason for this exchange was the expected better approximation of the space

lerivatives on curvilinear grids, although Dekker's method proved to be more
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expensive in both computation time and memory. Results of tests with Dekker's
semi-discretization method will be given in the near future.

The realization of the algorithm, containing now Dekker's method and
an interface for delivering right hand side evaluations of the initial value
problem originated by semi-discretization, is described in [5]. The semi-
discretization method is exchangeable, while the time-integrator is a para-
neter of the algorithm. In this shape the algorithm will be used for the
investigations at the Mathematical Centre of suitable time-integrators for
problems originated from initial boundary value problems.

It is clear that Dekker's method, using nine grid points only for
approximating derivatives, uses less information than the here described
liscretization method that has the possibility to derive the transformation
function for transforming the real space (containing the grid and the
grid lines) to the discretization space where the grid is uniform with square
neshes. It can use the complete grid lines and it is not restricted to sub—
grids of three horizontal and vertical lines for computing the approxima-
tions locally. It is therefore expected that the method presented here will
be important in the proceeding investigations of methods for solving initial

boundary value problems.
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